MATH1013 Calculus | Problem Set 5
L02, L10 (Fall 2025)

Solution to Problem Set 5

1. (a) Let f(x) =Inx. Thenwehave f'(x) = i, so

£(0.98) = f(1) + f'(1)(~0.02)
In0.98 ~ In1+ (1/1)(-0.02) = —0.02.

(b) Let f(x) =x0. Thenwehave f'(x) = 10x°, so

£(1.013) ~ £(1) + f'(1)(0.013)
1.013° ~ 119 + 10(1°)(0.013) = 1.13.

2(1+x2)-(2x)(2x) _ 2-2x2
(1+x2)2 T (1+x2)2°

2x
1+x2’

(c) Given f(x) = we have f'(x) = So,

2(3)  2-2(3?)
f3.02) ~ f(3) + £'(3)(0.02) = 755 + e (0.02) = 0.6 — 0.0032 = 0.5968.

2. (a) Since f'(x) = p(1+ x)P71, the linear approximation of f at 0 is given by
L(x)=f0)+ f'(0)(x—0)=1+0P+p(1+0)P(x—-0)=px+1.

(b) Since g'(@) = sec tan 0, the linear approximation of g at % is given by

1) =0(5)+ 4 G) (0-3) = s secGuanS o 5) =50 +£5

(c) Since h'(t) =t11?, the linear approximation of h at e is given by

L(t) =h(e) + h'(e)(t —e) =lnlne+i(t—e) =1t— 1.
elne e

3. Denote the radius, the diameter and the volume of the sphere as r, D and V respectively. Now the maximum
. . A
percentage error of the measurement of D is estimated to be 0.1%, so ?D = 0.1%. The volume of the sphere

is computed using the formula

poto a4 (D>3_7TD3
3" T3"\2) T
Taking natural logarithms on both sides we get InV = ln% + 31In D, and taking differentials we obtain
av aD
3—.
4 D
This suggests the approximation

av 3AD_3(01(V)_03(V
7 N3y = .1%) = 0.3%.

Therefore the maximum percentage error of the calculated volume will be about 0.3%.
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4. let f(x) =x—0.5sinx —1. Then f'(x) =1 — 0.5 cosx, and so the first iteration is

B flx) r 1.5-0.5sin1.5-1 14987
1= %o flxg) 1-05cos1.5 '

5. (a) Let f(x) =x3+2x—4. Then f isacontinuous function. Since
fH=134+21)—-4=-1<0 and f2)=234+22)-4=8>0,
the equation f(x) = 0 has at least one solution on [1,2] by Intermediate Value Theorem. Moreover, since
fl(x) =3x2+2>0
for every x € R, it follows that f is strictly increasing on R. This implies that f is one-to-one, and so the

equation f(x) = 0 has at most one solution on R. Therefore it has exactly one solution on [1, 2].

(b) In Newton’s iteration formula

f(x) X34+ 2x, —4 2x,°+4
X. =X, — =X, — = ,
LTI () 3x,2 + 2 3x,2 + 2

let’s start with x, = 1. We have

C2x°+4 2(1)%+4
T 3xp2+2 3(1)2+42

X = 1.200000
_2x,%+ 4 2(1.200000)° + 4

_ — ~ 1179747
X2 = 3,212~ 3(1.200000)% + 2

C 263 +4 2(1.179747)% + 4

_ ~ ~ 1179509
X3 T 3242 7 3(1.179747)% + 2

2x53 + 4 2(1.179509)3 + 4

3%2+ 2 3(1.179509)2 + 2

X4

Since x3 and x, both give 1.1795 when corrected to 4 decimal places, we get the solution x = 1.1795.

6. Let f(x) =sinlnx. Then f'(x) = (coslnx) (i) — coslnx Applying Newton’s iteration formula
f(x) sinln x
n n
)

we have
x; = Xo(1 —tanlnxy) = 27(1 — tanln 27) = 22.802062,
X, = x,(1 —tanlnx,) = 22.802062(1 — tanIn 22.802062) ~ 23.138227,
X3 = x5(1 —tanlnx,) = 23.138227(1 — tan1n 23.138227) ~ 23.140693,
X, = x3(1 —tanlnx;) = 23.140693(1 — tanIn 23.140693) ~ 23.140693.
Since x; and x, both give 23.1407 when corrected to 4 decimal places, we obtain the solution
e™ = 23.1407.
Since sinlnx = 0 has solutions other than e™ (in fact for every integer n, e™ is a solution to this equation),

the iterations may approach to another different solution if we had used another different initial trial x,.
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7. (a) We have

X

Problem Set 5

1
i = i __2 = i —
ll_r)% h(x) }Cllré xe x lim—-=0.

x-0 =
ex?

Now since lirré h(x) = h(0), h iscontinuous at 0.
xX—

(b) We have

_1
xe x¥2 —0

. h(x)—h(0)
lim = lim

so h is differentiable at 0 and h'(0) = 0.

(c) For x # 0, we have

1

=lime *? =0,
x=0 X — x>0 x—0 x—0

(THopital’s Rule)

Therefore
R 1+ -
limh'(x) = lime x? (1 + —2) = lim 1x = lim—
x—0 x-0 X x-0 = x-0 _2( 2
ex ex?(——
X
2
= liI'fl—1 =0
x-0 =
ex

Now since lirré h'(x) = h'(0), A’ is continuous at 0.
X—

8. f isdifferentiable at every x # 0, since it only consists of elementary functions and its denominator is never zero.

At 0, we have

sin 2x + sinx
—or—1 —— (Be’-0) |

sin2x + sinx — 3(e* — 1)

f1(0) = lim = lim

x—-0~ X x—-0~

2 cos2x + cosx — 3e”*

= lim
x—0~ (e* —1) + xe*
. —4sin2x —sinx — 3e*
= lim
x-0"  e* 4+ (e* + xe*)

~4(0)—0—3e° 3

T e0+(e940e% 2

x(e* —1)

(fHopital’s Rule)

(fHopital’s Rule)

(IHO6pital’s Rule)

but
- (Be*—x)—(3e’-0) 3e*—x—3 . 3e*—
f1(0) = lim = lim = lim
x-0+ X x-0+ X x-0+
_3e%—1 )
=—=

Therefore f is not differentiable at 0.
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9. (a)
x —e* 1 1—e*1
lim—————=lim—— [Hopital’s Rule
x-1(x—1)2 x-12(x—1) (THopi ule)
_ex—l
= }cllr} > (IHo6pital’s Rule)
_ 1
2

(b) IHopital’s rule is not needed in this problem. In fact,

cotx

lim = lim cosx = 1.
x-0tcscx  x-ot

(c) Since (sinx)* = e*"sin* forevery x € (0,1), we first compute

1
) ) ~ Insinx . SinxCos¥ e
lim xInsinx = lim —— = lim ~—~— (IHo6pital’s Rule)
x—0t x—-07t 1 x—0t 1
x x?2
= lim ——- lim —xcosx=1-0=0.
x-0*sinx x-0%

Since the exponential function is continuous, we have

lim (sinx)* = lim e*!nsinx = gxlge "% = o =
x-0% x-0%

(d) We have actually seen this problem before in Q9(g) of Problem Set 2!

In fact,
2 . 1
x*sin2 1 x
lim——% = <limxsin—) (im—)=0-1=0.
x—=0 SInXx x—0 x/) \x=»0Ssinx
- L Inlnx Inlnx
(e) Since (Inx)x-e = ex—e = e x-e

for every x > e, we first compute

1
Inlnx pva
im, o - lim+ xTx (IHG6pital’s Rule)
x—e - x—e
_ 1 _ 1
“elne €

Since the exponential function is continuous, we have

1 Inlnx lim Inlnx 1
lim (Inx)x—e = lim e x—e = ex-e* ¥7¢ = ge,
x—et x—et
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(f) [IHopital’s rule is not needed in this problem. In fact,

i x tanx . x tan x 1++vV1—x2 ) (1+v1—x2)tanx
lim ————==lim . = lim
01 —\1—x2 0\1—-+V1-x2 14+V1-x2/ x>0 x
o (1++V1—x? sinx 1++vV1—-0?
= lim . = -1 =2.
x—0 cosx X cos0
(8)
1 X X
1+Inx—x* ;—(x Inx + x*)
lim—— = lim (FHo6pital’s Rule)
=1 1+lnx—x x-1 1 4
x
1 _ xx+1 lnx _ xx+1
= lim
x—1 1—x
- [x"“ (lnx +X I 1) Inx + x**1 (%)] — x*t1 (lnx +% 1— 1)
= lim (fHopital’s Rule)
x—-1 -1
_—[1(0+2)0+1]—1(1+2)_3
= — =
(h) Note that
sin x x_lz 1 1 sinx In|sin x|-In|x|
( ) —ex2x =¢  x2
x

- . Inlsinx|-1
for every x € (—m,0) U (0,m), so we first compute Jim isinx-Injx|

1 = Using the differentiation formula
xX—

d . . . .
asm2 x = 2sinx cosx = sin 2x when necessary, we obtain

Injsin x| — Infx| cosx 1
n|sin x| — In|x Y
m—————— = lim SILX__X (IHo6pital’s Rule)
x—0 X x-0 2x
1 1
. x2  sin’x A1
=lim=——F———= ('HO6pital’s Rule)
x—0
sin? x — x? sin 2x — 2x

= lim

T o lim—— : (IHépital’s Rule)
x-0 2x2sin2x  x-04x sin? x + 2x2 sin 2x

y 2cos2x— 2 (IHopital’s Rule)
= lim oOpital’s Rule
x-04 sin? x + 8x sin 2x + 4x2 cos 2x P

—4sin 2x

=1i WA a1

xllra 12 5in 22 + 24% cos 2x — BxZsin 2x ('HO6pital’s Rule)

= 11m = = ——,

2015 1 19 2% cor gy 12+12:1-1-8-0 6
sin 2x

Finally, since the exponential function is continuous, we have

1
2 In|sin x|—In|x| li In|sin x|-In|x|

. /sinx\x ) 1
lim =lime x? = ex~0 x =e 6.
x-0 X x-0
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10. We have

Problem Set 5

@ - [f@+ 1@ -+ L2 - a7

lim
x—=a

e - [Fr@+ P26 - o

(x —a)?

= ;151511 20— a) (I'Hépital’s rule)
— 1 ) —1f' (@) + f"(@)(x —a)]
= lim
x-a 2(x —a)
= }Ciir‘llw ('Ho6pital’s rule)
[ f" is continuous at a k
\ fll(a) _fll(a) _ O

2

11. (a) The derivative of f isgiven by

for every x € (0,m).

interior critical number of f.

Now f’(x) =0 only if tanx = +/3, which happens only if x = g

f'(x) =+V3cosx —sinx

Since
f(0) =+3sin0+cos0 =1
f(r/3) = V3sin(/3) + cos(n/3) = 2
f(m) =V3sinm+ cosm = —1,

we see that f has an absolute maximum point (g, 2) and an absolute minimum point (m, —1).

(b) Since 1 liesin the interval [—1,3] while

x
11m gx) = 11m = -

2 2

x
and 11m gx) = ler{l+x —1= +0oo,

“x—1

g does not have absolute extrema on [—1,3].

(c) We can write

—(x-3)—(x+2)
—(x-3)+(x+2)
(x=3)+(x+2)

h(x) =

Easy computations give

and is undefined otherwise.

h has an absolute maximum point (—4,9) and absolute minimum points (c,5) forevery ¢ € [-2,3].

if —4<x<-2
5 if —2<x<3
2x—1 if3<x<4

if —2<x<3 =

if —4<x<-2 {1—2x
if3<x<4

-2 if—-4<x<-=-2
h'(x) =40 if —2<x<3
2 if3<x<4

So the interior critical numbers of h are all those numbers ¢ € [-2,3].

h(-4)=1-2(-4)=9
h(4) =2(4)—-1=7

h(c) =5 for every c € [-2,3],
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So g is the only

Since



